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ABSTRACT: Novel materials are being enabled by advances in
synthesis techniques that achieve ever better control over the
atomic-scale structure of materials. The pace of materials
development has been further increased by high-throughput
computational experiments guided by informatics and machine
learning. We have previously demonstrated complementary
approaches using mathematical optimization models to search
through highly combinatorial design spaces of atomic arrange-
ments, guiding the design of nanostructured materials. In this
paper, we highlight the common features of materials optimization
problems that can be efficiently modeled via mixed-integer linear optimization models. To take advantage of these commonalities,
we have createdMatOpt, a Python package that formalizes the process of representing the design space and formulating optimization
models for the on-demand design of nanostructured materials. This tool serves to bridge the gap between practitioners with expertise
in materials science and those with expertise in formulating and solving mathematical optimization models, effectively lowering the
barriers for applying rigorous numerical optimization capabilities during nanostructured materials development.

■ INTRODUCTION
Advances in nanoscale material synthesis are resulting in better
control over the atomic-scale structure of materials.1−4

Important techniques include the generation of twinned
defects,5 synthesis of hollow nanostructures,6 and tuning of
strain,6 to name but a few. In parallel to synthesis efforts,
computational advances in the area of density functional
theory (DFT) are enabling the computational design of
materials from first-principles.7−9 While there are many
approaches for controlling structure and predicting properties
at the nanoscale, there are relatively few systematic methods
for designing nanomaterials algorithmically.
Several research efforts take a screening approach to identify

highly functional materials by comparing and interpolating in
shared databases of experimental and computational re-
sults.10−12 Recently, high-throughput computational ap-
proaches and machine learning have been used to massively
increase the pace of calculations and to smartly sample the
combinatorial materials design space.13−18 Another approach
has been to develop simplified structure−function relationships
for the purpose of predicting material properties as a function
of simple geometric descriptors.19,20 A notable result can be
found in the work of Calle-Vallejo et al.,21 where the authors
used a model for activity as a function of generalized
coordination number to design defects on nanostructured
surfaces. However, it can be argued that approaches relying on
chemist intuition to identify reactive sites might not always
provide optimal surfaces, as they lack the ability to extensively
search the design space. To improve upon the quality of the

resulting structures, Rück et al.22 used a similar relationship in
conjunction with particle swarm optimization to design
symmetric nanoparticles and rods. In the work of Nuñ́ez et
al.,23 the authors used another coordination based structure−
function model in conjunction with simulated annealing to
design defects on nanostructured surfaces.
Approaches that leverage metaheuristic optimization meth-

ods can find good solutions, but they lack rigorous guarantees
on the optimality of the identified designs. In this paper, we
seek to identify provably optimal designs by applying exact
mathematical optimization algorithms to arrange nanostruc-
tured materials from their fundamental building blocks.
Previously, we have developed mathematical optimization
models for the design of nanostructured surfaces,24,25 doped
perovskites,26,27 metallic nanoclusters,28,29 and nanowires.30 In
each case, we showed how mathematical optimization was
well-suited to search the combinatorial design space of
nanostructures by formulating appropriate models.
Mathematical optimization represents decision problems via

variables, algebraic constraints, and an objective function. In
eqs 1−4, we express the search for novel materials as a
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mathematical optimization model with generic notation. We
denote a vector of variables representing the design as d, which
must attain values consistent with a design space D, and we
seek to maximize a desired functionality against several
constraints on the stability and fabricability of the design. In
this abstract notation, there are no restrictions on the type or
scale of materials that can be addressed; however, it is
practically important to narrow the scope of problems to focus
on cases that are both chemically relevant and that can be
tractably modeled. In the next section, we shall discuss some
common properties of nanostructured materials and chem-
istries, providing guidance on the subset of systems that can be
designed via the below optimization model.

d

d

d

d

max Functionality( ) (1)

s.t. Stability( ) (2)

Fabricability( ) 0 (3)

(4)

d

ε≥

≥

∈

The abstract functions referenced in the above materials
optimization model can be used to represent a wide variety of
functionalities of interest and constraints on the design space,
including crystallinity, composition bounds, geometric re-
strictions, thermodynamic relationships, reaction rates, and
mass transport, among others. In this context, we should
highlight that the ability to solve the resulting optimization
models is closely tied to the number and nature of variables
and constraints it features, and hence, there is a clear need to
make simplifying approximations and carefully match chemical
systems to suitable optimization formulations. In general, a
modeler will have to properly limit its design efforts to sizes
(e.g., unit cells) that strike the right balance between quality of
material representation and resulting model tractability.
Having said that, it can be argued that solver technology for
mixed integer linear programming (MILP) models is more
mature compared to that for other model classes, all the while
being actively improved at a fast pace. To that end, our
proposed design paradigm is largely committed to the casting
of linear optimization models, in order to capitalize on the
current state-of-the-art and anticipated future improvements of
solvers that will effectively enable its application in ever more
complex and larger systems.
In the remainder of this paper, we shall first describe the

common features of material design domains of interest and
show how these commonalities result in simple patterns for
modeling materials via mathematical optimization. Then, we
will describe the implementation of MatOpt, a Python based
toolkit for specifying and solving these types of material
optimization problems. Finally, we will provide three case
studies to illustrate possible use cases of MatOpt for
nanoclusters, periodic bulk materials, and catalytic surfaces,
identifying the most functional design in each case via the use
of well-established numerical optimization software.

■ COMMON CHARACTERISTICS OF
NANOSTRUCTURED MATERIALS

Nanostructured materials generally share a few characteristics
that lead to the complexity of the design space and, thus, the
combinatorial difficulty of finding optimal structures. These
common material characteristics provide a basis for defining
the scope for our optimization framework and result in

simplifying assumptions for our framework to take advantage
of. Specifically, we benefit from the discrete nature of lattices,
local descriptors of functionality, and periodicity of designs.

Discrete Lattices. We generically refer to the individual
components of the design as “building blocks.” In the example
case of nanostructured transition metal catalyst surfaces, the
building block can be thought of as an atom, while in larger
systems such as metal organic frameworks or supramolecular
assemblies,31 the building block can be a molecule.
Conceptually, one could optimize the design of materials by

choosing the Cartesian coordinates for all of the building
blocks of interest. However, at the nanoscale, many solid
materials tend to form architectures with atoms placed on
lattices with specific, discrete locations. While exceptions to
this observation can be found (i.e., lattice relaxations around
defects, atomic restructuring on nanoclusters), we note that
this observation can serve as a good first approximation in
many systems of interest. We note that, while we typically work
with regular crystalline lattices, our approaches can be applied
to other design spaces where the possible placement of matter
is ordered but does not satisfy strict definitions of a lattice (i.e.,
5-fold symmetry around icosahedral nanoclusters). The
discrete nature of nanomaterials can let us simplify the search
space to only require “yes” or “no” decisions on the choices of
building blocks to place in the design. These binary decisions
also allow us to preprocess geometric information and avoid
encoding nonlinear constraints in our optimization models.
For example, as we shall discuss later, we can use piecewise-
linear formulations or conformation (pattern) based modeling
to encode nonlinear relationships. Reformulated MILP models
with binary decision variables are in general expected to be
significantly more tractable than their nonlinear counterparts,
and thus more amenable to tackle nanomaterials design at a
larger scale.

Local Functionality Descriptors. Given a set of discrete
locations on which building blocks can be placed, there are also
a discrete number of interactions that can contribute to the
functionality of a design. In many cases, the desired
functionality of the material can be broken down into
contributions from sites in the structure. Furthermore, it is
also typically the case that the functionality of a site is
dependent on the presence of building blocks in a small subset
of sites that can be thought of as “neighbors.” Strictly speaking,
the definition of neighbors does not need to be based on any
kind of chemical information (e.g., chemical bonds), nor even
on the physical distance between sites, though this is typically a
good first approximation. The combination of discrete sites
and their neighborhoods (i.e., ordered lists of neighboring
sites) leads to the basic data structure that we denote as a
“canvas.”
The canvas data structure is generically composed of a list of

site coordinates in conjunction with a graph, where the latter
contains nodes for each site and directed arcs for the neighbor
connections. The connections are considered directed because,
in general, it is possible for site functionality to depend on each
other site asymmetrically. In addition to the standard
components of the graph data structure, the canvas specifies
an ordering of neighbors to represent specific types of
connections. This is useful for the ability to represent the
specific alignment of neighbors in the lattice, which is
necessary when trying to indicate a particular configuration
of atoms in a design. In Figure 1, we present an example canvas
with the corresponding data structure for the site neighbor-
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hoods. In this example, the ordering of neighbors consistently
corresponds to sites along the four cardinal directions.
Material Periodicity. Nanostructured materials are

modeled via cells containing periodicity in 0, 1, 2, or 3
dimensions, corresponding to clusters, wires, surfaces, and bulk
materials, respectively. From an implementation standpoint,
the presence of periodicity can lead to nonintuitive
neighborhoods with connections that cross periodic bounda-
ries. These connections can be identified from the combination
of the canvas sites with a set of rules for transforming points
that cross the tiling boundaries. Given a fixed canvas, these
connections can be tabulated prior to formulating a
mathematical optimization model, while care should be taken
to ensure that the canvas neighborhoods are geometrically
consistent. Figure 2 illustrates a simple two-dimensional lattice
with connections defined by the periodicity of the canvas. In
this example, the shape of the periodic tile is denoted with the

dashed red parallelogram and neighbors crossing the tile edge
are shown with directed arcs.
It is important to highlight that the size of a periodic canvas

constrains the design space; hence, it might lead the resulting
optimization model to find an “optimal” solution but miss
better designs that are only possible with a larger repeating
pattern. To that end, in the case of periodic designs, a natural
algorithm for quickly identifying good solutions is to iteratively
expand the size of the periodic canvas and solve again until no
further improvements are found with increasing size, assuming
the available computational resources are not exceeded in the
process. While we may not know the truly optimal solution a
priori, a typical observation would be to see the same design
repeated, as optimal solutions are obtained under consecutively
increasing canvas sizes that are consistent with the periodicity
of the design.

■ MODELING ELEMENTS
Given the commonalities in the materials of interest, there are
several optimization modeling patterns that we can use to
modularly formulate models to be used for rigorous design. In
particular, the discrete nature of the design space leads to
formulations that naturally employ binary variables. Further-
more, as we will demonstrate in our case studies, there are
several strategies to exactly encode information via linear
constraints and implication logic, even in cases where complex
or nonlinear structure−function relationships are of interest.

Model Variables. The common features of nanostructured
materials leads to a natural set of variables from which
mathematical optimization models can be formulated. Below,
we present four types of basic variables in addition to several
types of auxiliary variables representing their aggregation.

Presence of Building Blocks. The presence of a building
block of a given type at a particular site is the most
fundamental variable in the optimization model. In eq 5, we
denote as Ỹik the presence of a building block of type k in site i.
We denote the set of sites in the canvas as I and the set of
building blocks as K.

Y k K i I0, 1 ,ik̃ ∈ { } ∀ ∈ ∀ ∈ (5)

Presence of Bonds. Given the variables for the presence of
specific building block types, we can encode information about
the connections between building blocks. For convenience, we
refer to these variables as “bond” type variables, but in general,
they do not have to correspond to bonds in the chemical sense.
In eqs 6−9, we denote as Xijk̃ the presence of a bond between
a building block of type k at site i and a building block of type
at site j. In the below, Ni denotes the set of neighboring sites to
location i.

X Y K k K j N i I, , ,ijk ik ĩ ≤ ̃ ∀ ∈ ∀ ∈ ∀ ∈ ∀ ∈
(6)

X Y K k K j N i I, , ,ijk j ĩ ≤ ̃ ∀ ∈ ∀ ∈ ∀ ∈ ∀ ∈
(7)

X Y Y

K k K j N i I

1

, , ,

ijk ik j

i

̃ ≥ ̃ + ̃ −

∀ ∈ ∀ ∈ ∀ ∈ ∀ ∈ (8)

X

K k K j N i I

0, 1

, , ,

ijk

i

̃ ∈ { }

∀ ∈ ∀ ∈ ∀ ∈ ∀ ∈ (9)

Figure 1. Example ordered neighbor connections for a simple canvas.
(left) Graphical representation depicting connections between the 16
sites indexed from 0 to 15; the concept of neighbors is illustrated with
site 5, where the arrows point to its four neighbors in four directions
indexed from 0 to 3. (right) Tabular representation for use in code.

Figure 2. Example neighbor connections across the boundary of a
periodically tiled canvas. (left) Graphical representation depicting
connections between the 16 sites indexed from 0 to 15 and their
periodic counterparts; connections across the periodic boundary (red
dashed line) are shown with arrows. (right) Tabular representation
for use in code.
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Neighbor Counts. Applications at the nanoscale often
correlate functionality to counts of neighbors around a
particular type of site. In general, this functionality can also
be broken down into contributions from sites and neighbors of
particular types. In eqs 10−11, we denote as Cik̃ the count of
bonds between a building block of type k at site i and
neighboring building blocks of type . In this definition, if there
is not a building block of type k at site i, then all Cik̃ counts are
set to zero.

C X K k K i I, ,ik
j N

ijk
i

∑̃ = ̃ ∀ ∈ ∀ ∈ ∀ ∈
∈ (10)

C N K k K i I0, 1, ..., , ,ik ĩ ∈ { | |} ∀ ∈ ∀ ∈ ∀ ∈ (11)

The domain of variables Cik̃ could in principle be
equivalently relaxed to the continuous interval [0, |Ni|], since
the integrality of the variables is enforced by eqs 10. For
example, this may be advantageous when one wants to limit
the number of integer variables (as opposed to continuous
ones) in the overall formulation. However, our computational
investigations suggest that most often the integer variable
definition results in a more tractable optimization model,
something that could be attributed to the fact that the branch-
and-bound type algorithm employed in the solver can in this
case exploit those variables during branching. To that end, the
“default” MatOpt implementation of Cik̃ variables is to define
them internally as integer variables.
Aggregate Variables. Variables with type-dependent

information may not always be necessary or useful for
modeling a given system. For example, many descriptors are
expressed with conditionals such as the presence of “any atom”
or “any bond” being present in the material. For each of the
type-dependent variables previously discussed, we also present
aggregated versions that indicate the presence of any building
block or bond, or the count of neighbors. In eqs 12−21 we
denote as Yi the presence of any building block at site i, we
denote as Xij the presence of any type of bond between sites i
and j, and we denote as Ci the count of any type of neighbor
next to any type of building block present at site i. Similarly to
variables Cik̃ , variables Ci can be relaxed to continuous
variables attaining values in their corresponding continuous
interval.

Y i I0, 1i ∈ { } ∀ ∈ (12)

X Y j N i I,ij i i≤ ∀ ∈ ∀ ∈ (13)

X Y j N i Iij j i≤ ∀ ∈ ∀ ∈ (14)

X Y Y j N i I1 ,ij i j i≥ + − ∀ ∈ ∀ ∈ (15)

X j N i I0, 1 ,ij i∈ { } ∀ ∈ ∀ ∈ (16)

C X i Ii
j N

ij
i

∑= ∀ ∈
∈ (17)

C N i I0, 1, ...,i i∈ { | |} ∀ ∈ (18)

Y Y i Ii
k K

ik∑= ̃ ∀ ∈
∈ (19)

X X j N i I,ij
k K K

ijk i∑ ∑= ̃ ∀ ∈ ∀ ∈
∈ ∈ (20)

C C i Ii
k K K

ik∑ ∑= ̃ ∀ ∈
∈ ∈ (21)

Presence of Conformations. In addition to variables for
indicating bonds and neighbor counts, we also encode
variables for indicating specific combinations of neighbors,
a.k.a. “conformations.” In eqs 22−25, we denote with Z̃ic the
presence of a conformation of type c at site i. We use the
parameter icjξ to indicate if a conformation of type c that is
located at site i should feature a building block of type in
neighboring location j.

Z Y
K j N

c C i I

: 1 , ,

,
ic j

icj iξ
̃ ≤ ̃

∀ ∈ { = } ∀ ∈

∀ ∈ ∀ ∈ (22)

Z Y
K j N

c C i I
1

: 0 , ,

,
ic j

icj iξ
̃ ≤ − ̃

∀ ∈ { = } ∀ ∈

∀ ∈ ∀ ∈ (23)

Z Y Y

c C i I

1 (1 )

,

ic
j N K

j
j N K

j
:
1

:
0

i

icj

i

icj

∑ ∑ ∑ ∑̃ ≥ − − ̃ − ̃

∀ ∈ ∀ ∈

ξ ξ
∈ ∈

{ = }
∈ ∈

{ = }

(24)

Z c C i I0, 1 ,ic̃ ∈ { } ∀ ∈ ∀ ∈ (25)

Common Constraint Patterns. Given the various sets of
model variables introduced above, one may define a wide
variety of additional, application-specific material descriptors,
which can later be utilized to impose restrictions on the design
space. In this section, we provide several basic patterns of
constraints for defining new descriptors. In each case, we
present a few basic patterns, noting that there are many ways to
apply these patterns for combinations of site and bond types.

Linear and Piecewise-Linear Constraints. The most
straightforward constraints to incorporate in MILP models
are simple linear equalities or inequalities. In our models, these
often take the form of budget constraints or summations.
Similarly, we can incorporate piecewise-linear expressions into
the model by introducing additional binary variables and
implication logic.
Because the basic decision variables are discrete, all

subsequent variables also attain discrete value. Therefore, we
can practically consider piecewise-linear constraints to
incorporate any nonlinear function into material design models
without introducing approximation error. We achieve this by
encoding breakpoints to coincide with the discrete feasible
points, as illustrated in Figure 3. Assuming the number of
required breakpoints is not too large, this technique can be
used to exactly encode nonlinear functions without sacrificing
accuracy. In other cases, it may still be necessary to estimate
the original function to maintain computational tractability. In
eqs 26−27, we present the general notation for representing
simple constraints, where g(x) and P(x) denote linear and
piecewise-linear expressions, respectively. Here, the vector x is
used to generically represent the variables and parameters used
in the expression. Also note that, although eqs 26−27 are cast
here as ≤0 constraints, one may readily model any
combination of =, ≥, and nonzero right-hand sides.

g x( ) 0≤ (26)

P x( ) 0≤ (27)
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Implication Constraints. Frequently, material descriptors
are defined in terms of logical predicates or conclusions. In
such cases, we can use implication logic to conditionally apply
constraints on the design space. We identify three general
patterns of logical implications that are encountered in material
design optimization models. In each case, a linear expression is
conditionally set to zero if a binary indicator variable is active
(i.e., equal to 1). Note that some predefined model variable
(e.g., Ỹik, Xijk̃ , Z̃ic), or some user-defined descriptor, will serve
as the indicator variable (generically denoted below as D(·)) in
each case.
Site and Bond Descriptor Implications. The first general

type of logical constraint forces an expression to be zero if a
given condition is true for the site. In eqs 28−29, gi(x)
corresponds to a general linear expression that is required to be
equal to 0 if binary indicator Di is equal to 1 at site i. The
parameters MLB and MUB are so-called “big-M” parameters that
can be automatically calculated to correctly encode the design
space in the case that the binary indicator is inactive. The
conditional expression can also be negated so that an
expression is forced to be zero if the condition is not met.
An example of invoking this pattern is the case when one
requires a site’s generalized coordination number to be equal
to a target value if the site is considered a reactive site, and
equal to zero otherwise.

M D g x M D i I(1 ) ( ) (1 )i i i
LB UB− ≤ ≤ − ∀ ∈

(28)

D i I0, 1i ∈ { } ∀ ∈ (29)

Similarly, logical implication constraints can be written
across the bonds in the canvas, where the linear expression and
associated indicator variables are suitably indexed over
neighbor location pairs, as eqs 30−31 show. An example of
this pattern is requiring the binding energy to be equal to an
expression only if a bond is actually present between two sites.

M D g x M D

j N i I

(1 ) ( ) (1 )

,

ij ij ij

i

LB UB− ≤ ≤ −

∀ ∈ ∀ ∈ (30)

D j N i I0, 1 ,ij i∈ { } ∀ ∈ ∀ ∈ (31)

Site Combination Implications. The second pattern of
logical implications involves combinations of neighboring sites.
In this case, while the linear expressions of interest are
location-specific, the indicator variables are indexed over the
set of neighbor pairs in a canvas to create individual constraints
on each of the sites. This pattern is used to encode the basic
variables for the presence of bonds and can also be used in
user-defined descriptors for encoding neighboring pairs of
conformations.

M D g x M D

j N i I

(1 ) ( ) (1 )

,

ij i ij

i

LB UB− ≤ ≤ −

∀ ∈ ∀ ∈ (32)

M D g x M D

j N i I

(1 ) ( ) (1 )

,

ij j ij

i

LB UB− ≤ ≤ −

∀ ∈ ∀ ∈ (33)

D j N i I0, 1 ,ij i∈ { } ∀ ∈ ∀ ∈ (34)

Neighborhood Implications. The third pattern of logical
implications introduces constraints on all neighboring sites to a
location in the canvas. This pattern is used to encode the basic
variables for the presence of conformations and is also
generally useful for introducing more complicated constraints
on combinations of sites in the canvas.

M D g x M D j N i I(1 ) ( ) (1 ) ,i j i i
LB UB− ≤ ≤ − ∀ ∈ ∀ ∈

(35)

D i I0, 1i ∈ { } ∀ ∈ (36)

■ THE MATOPT TOOLKIT
To assist researchers in casting and solving rigorous
mathematical optimization models for nanostructured materi-
als design, we have developed MatOpt, an object-oriented
Python based library that implements the modeling framework
discussed in the previous section. This toolkit formalizes and
simplifies the process for carrying out nanostructured materials
optimization via two major contributions. First, we provide
several modeling objects for specifying the materials design
space from simple input. Second, we provide a framework for
specifying structure−function relationships without needing a
detailed understanding of how that specification can be
converted into a suitable mathematical optimization model.
While the explanation given here is kept at a high level, we
encourage the interested reader to refer to the detailed
documentation and open-source code available online as part
of the Institute for the Design of Advanced Energy Systems
(IDAES) code distribution.32

Software Availability and Solver Dependencies.
MatOpt is bundled with the open-source IDAES PSE
framework33 and can be downloaded freely at https://github.
com/IDAES/idaes-pse/tree/main/idaes/apps/matopt. Users
should follow the instructions described in the online
documentation34 to install and access the toolkit. Along with
the source code, we also provide several use cases in the form
of Jupyter notebooks,35 which demonstrate the features and

Figure 3. Example piecewise-linear function to exactly encode a
nonlinear function over a discrete domain.
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functionalities of the toolkit as well as offer useful Python
scripts from which users can start to develop new codes for
their own materials design applications. The scripts and source
code can be downloaded from the IDAES example repository
at https://github.com/IDAES/examples-pse/tree/main/src/
Examples/MatOpt.
At its core, MatOpt translates a materials optimization

problem into a Python Optimization Modeling Objects
(Pyomo) model object that can then be solved by an available
MILP solver, with MatOpt providing appropriate shortcut
functions to facilitate this step. Experienced Pyomo users with
access to a licensed MILP solver can easily select their solver of
choice during this process. For users who either do not have
such access or are not familiar with how to set up and use
optimization solvers in Pyomo, MatOpt further automates the
invocation of the web based free solver NEOS-CPLEX that can
be utilized for this purpose.36−38

Materials Representation Objects. The focus of this
section is to describe the ability of the toolkit to easily
instantiate data structures necessary to represent nanoscale
materials from simple input. Figure 4 illustrates the interactions
between several objects and data structures to represent
nanostructured material designs in MatOpt. The basic data
structure required to cast an optimization model is a Canvas,
which is essentially a list of Cartesian points coupled with a
graph, whose nodes correspond to sites and whose arcs
correspond to bonds. This object establishes a mapping from
the abstract mathematical modeling of materials as graphs to
the geometry of the material’s lattice.
The list of points necessary to create a Canvas can be

obtained from the combination of a Lattice and a Shape
object by scanning over the set of lattice sites that fall inside
the shape. The set of neighbor connections to be encoded in
the Canvas can be identified from rules that are attached to
the Lattice object. In the simplest case, these rules for
indicating neighbors can be simple cutoff distances, but we also
note cases where asymmetric definitions of neighbors can be
useful for representing materials. For example, in Hanselman et
al.,27 the authors utilized an asymmetric definition of
neighborhoods to establish different definitions of neighbors
around oxygen atoms compared to metallic B-site atoms.
Complementary to the rules defined by the lattice, a Tiling
object can be used to make the neighbor connections
consistent across the boundary of a periodic tile.
While a Canvas object holds topological and geometric

information, a Design object is composed of a Canvas in
conjunction with a list of building blocks placed in the sites of
the material. The necessary attributes of a building block are
encoded in the BuildingBlock class and can in principle
be extended to represent many materials. As a starting point,

we have implemented the Atom class that is of interest in our
work.
It is worthy to note that several existing tools provide

interfaces for setting up and analyzing materials at the atomic
scale.39−41 Their emphasis is on setting up computational
experiments that can efficiently calculate material properties
during atomic-scale simulations. Although these tools typically
include optimization routines, the latter serve to minimize the
energy of atomic configurations by relaxing the atomic
coordinates in the vicinity of lattice sites; in this sense, their
use of optimization is conceptually different from the design
paradigm discussed in this work. Furthermore, these codes are
tailored to work with more traditional workflows in computa-
tional materials screening and, therefore, do not immediately
adapt to the same level of generality that the mathematical
optimization approach can exhibit. Whereas MatOpt’s basic
data structures were defined to support the representation of
the materials design space at the level of detail required by the
various transition metallic systems we wanted to contemplate,
there exist opportunities for extending these language features.
Future versions could extend MatOpt by incorporating
connections between other open-source packages and our
optimization modules.

Algebraic Modeling Language Features. While the
goal of MatOpt’s material modeling modules is to help
organize and create prerequisite data structures, the goal of the
optimization modules is to enable users to cast optimization
models from minimal input. One of the key features of our
modeling approach is the automatic encoding of logical
expressions into MILP models. Additionally, we automatically
generate indexed expressions for a wide variety of patterns
encountered in material optimization models. In this way, our
tool can be used by practitioners without a background in
mathematical optimization and from simplified user input.
Conversely, a user who is already familiar with Pyomo can use
MatOpt to generate a Pyomo model with a partial formulation
defined and then modify it as necessary (e.g., by adding
customized constraints).
Given a defined Canvas and a list of BuildingBlock

objects to place in the design, we start by automatically
generating the set of basic descriptors for the presence of
building blocks, bonds, neighbor counts, and conformations.
We note that MatOpt will infer from user inputs what basic
descriptors are needed, generating and indexing constraints
accordingly, but there is no guarantee that MatOpt will identify
all possible simplifications and return the optimization model
that is most simplified in this regard. In principle, however,
power users can implement further simplifications by
modifying the resulting Pyomo model directly. Beyond these
basic descriptors, MatOpt enables users to specify additional
descriptors using a combination of Expression and Rule

Figure 4. Flow of information for creating objects to represent materials.
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objects. The general flow of information for specifying a model
is presented in Figure 5. The Expression objects are

generated from basic or user-defined descriptors via a set of
predefined patterns. Two examples include SumSites and
SumBonds to allow simple summations. A more complicated
example is SiteCombination which creates expressions
indexed over bonds by adding contributions from descriptors
at two neighboring sites. The Expression objects are used
in conjunction with Rule objects to define descriptors and to
generate constraints on the design space without requiring the
user to specify the details of the underlying constraints or
necessary reformulations. A full list of available expressions and
descriptor rules, along with some example use cases, can be
found in Section A of the Supporting Information, with the
expectation that additional patterns can be introduced as part
of ongoing open-source development.
When the user requests to optimize the model, the code will

automatically interpret Rule objects to generate a Pyomo
optimization model.42,43 Several rules, such as LessThan,
EqualTo, and GreaterThan, can be immediately
interpreted as linear constraints in the model. Other rules
might require some more specialized treatment. For example,
the Implies rule creates implication constraints that are
enforced only if the site descriptor is true (e.g., if a site is
present, if a bond is present, etc.). The FixedTo rule is
included to allow descriptors to be explicitly fixed to a value.
While, in principle, the same effect could be achieved by
introducing equality constraints into the model, the FixedTo
routines have the additional efficiency of fixing logically
implied basic variables when possible. The Piecewise-
Linear rule allows the user to specify the variable domain,
values, and breakpoints to equate a descriptor to a piecewise

linear function. When generating constraints, MatOpt converts
PiecewiseLinear rules to specialized objects in Pyomo.
In general, this leverages advances in Pyomo and its supported
optimization solvers and enables interested users to quickly try
several alternate mathematical reformulations of piecewise
functions provided by Pyomo.
One of the useful features of our modeling framework is the

automatic handling of expression and rule indexing. For
example, if a user-defined variable is indexed over a subset of
sites in the canvas (e.g., over only the oxygen sites in a lattice),
then the derived expressions and constraints are likewise
indexed over that subset. Alternatively, if a variable indexed
over canvas sites is multiplied by a parameter that is indexed
over site types, then the resulting expression is automatically
indexed over the set product of sites with site types. Figure 6
presents an example descriptor definition and highlights the
data structures for indexing that are maintained for each
descriptor, expression, and rule in the model. As an example
descriptor, we present an abstract structure−function relation-
ship that assigns the pairwise binding energy (BEij,
programmatically m.BEij) to an expression formed from a
weighted combination of the coordination number (Ci,
programmatically m.Ci) conditionally on the type of binding
that is present (Xijk̃ , programmatically m.Xijkl). The
constraint includes bond type-indexed parameters (Akl,
programmatically m.Akl) that abstractly represent the
weighting contributions.
The last component necessary to specify an optimization

model is a single expression to minimize or maximize as an
objective function. While optimization solvers typically only
accept a single objective, we note that it is possible to combine
multiple objectives via a weighted sum implemented as a
LinearExpr object. One of our case studies in the next
section exemplifies this and illustrates how optimization
models can be used to generate Pareto-optimal frontiers.

■ CASE STUDIES

As a demonstration of the MatOpt framework, we present
three example case studies. In the first example, we build a
simple nanocluster stability optimization model using minimal
programming effort. This example illustrates the basic
workflow and simplified input syntax, exemplifying how
MatOpt can lower the barriers to apply rigorous mathematical
optimization in the area of nanostructrured materials design. In

Figure 5. Flow of information for instantiating MatOpt optimization
models.

Figure 6. Example creation of site descriptor rules. Example code is given in the top row, and the equivalent mathematical notation is given in the
middle. Attributes implied by automatic indexing are presented in the bottom row.
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the second example, we identify the best placement of dopants
in bulk perovskite materials for optimal oxygen diffusivity. We
introduce syntax to deal with unit cell periodicity and
conformation based design. This example also showcases
how DFT calculations can inform a mathematical optimization
model in the context of a materials design problem. In the
third example, we show how MatOpt can be employed to
design a bifunctional catalyst surface, targeting both reactivity
and stability, in the context of a system studied recently in the
literature.44 This example further demonstrates two-dimen-
sional periodicity syntax and the flexibility of modeling a more
complex multiobjective problem with only a modest increase in
programming effort.
Cohesive Nanocluster Design. The recent work of

Isenberg et al.28 demonstrated the use of mathematical
optimization models to identify cohesive nanoclusters via a
set of tailored algorithms. Here, we present a simplified version
of their models as an example system on which MatOpt can be
employed. As the structure−stability relationship, we consider
a normalized version of the Tomańek model for cohesive
energy45 shown in eq 37. Here, Êcoh corresponds to the
normalized cohesive energy of a nanocluster, CNbulk is the
material’s bulk coordination number, N is the size of the
nanocluster, and Ci corresponds to the coordination number of
atom i.

E
N CN

C
1

i I
i

coh

bulk
∑̂ =
∈ (37)

Figure 7 presents the conceptual steps that we will be
following to specify this nanocluster energy minimization

problem; that is, importing the MatOpt module, providing
input about the materials system of interest, specifying the
relevant structure−function and constraint information,
invoking the optimizer, and finally, outputting the identified
designs.
In the following section, we present the minimal code

necessary to set up and solve the nanocluster cohesive energy
optimization problem. First, we import the MatOpt package
and standard Python modules.

Next, we define the objects necessary to represent the
material information in the problem. For this, we create a
Lattice object that specifies the sites to consider in the
design space along with their neighbor connections. In this
case, the object will codify information pertaining to a face-
centered cubic (FCC) lattice of a specific interatomic distance.

In the next few lines of code, we build a Canvas object
composed of three shells of FCC lattice locations around the
origin. The particular choice of three shells was based on the
original work of Isenberg et al.,28 where an adaptive canvas
resizing technique was used to identify the best canvas size. As
discussed, it is important for users to carefully choose the size
of the canvas so as to properly navigate the trade-off between
global optimality and model tractability. Note that, since we
are using a lattice defined in three-dimensional space, the

Figure 7. Conceptual flowchart for the nanocluster cohesive energy example.
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expected data type of a point is a NumPy46 array of length
three with floating point precision.

In the following couple of lines, we define a parameter, N, to
be the number of building blocks to consider in the
nanocluster; in this case, 17 atoms. Additionally, we define
the set of Atom objects to place in the design, specifying their
elemental identify as gold atoms, for convenience.

Once the material information is specified, we can begin to
generate a mathematical optimization model via an object of
class MatOptModel. The model object is initialized from a
Canvas and a list of Atom objects from which we can
identify the applicable index sets for sites, bonds, site types,
and bond types. These index sets automatically used as new
descriptors are defined.

In the following steps, we introduce material descriptors to
encode the structure−stability relationship as well as to
constrain the design space of interest. First, we introduce a
descriptor for the square root of the coordination number.
Because the coordination number is itself discrete, we can
encode its square root without approximation error via a
piecewise linear formulation, thereby preserving the linearity of
the model. Note that, since the input descriptor (i.e., the
coordination number m.Ci) is indexed over all sites, the
resulting rule and descriptor are also indexed over all sites.
Therefore, we utilize the method addSitesDescriptor,
which registers the new user-defined descriptor with the
model.

Next, we introduce the descriptor for the normalized
cohesive energy. Here, we utilize the number of atoms in the
cluster, N, and the square root of the bulk coordination
number (i.e., 12 ) as a normalizing coefficient. Since this
descriptor is a single scalar quantity, we invoke the
addGlobalDescriptor method.

Finally, we introduce a descriptor for the size of the
nanocluster. Note how, by setting the lower and upper bounds
on the descriptor to be equal, we essentially constrain the
nanocluster to be of a specific size.

At this point, the feasible space for the optimization model is
fully specified. We finalize the model and instruct MatOpt to
solve it by specifying an objective. In this example, the
objective to be maximized will be the previously defined (code
line 14) descriptor m.Ecoh, noting that any Expression
object can be used to that purpose, in general. The
maximize function will formulate an undelying Pyomo
model object and call the appropriate optimization solver
routine.

In this specific example, MatOpt will generate a model with
5292 variables (1914 continuous, 3231 binary, 147 integer)
and 8079 constraints (7488 inequalities, 591 equalities). Upon
testing with our default optimization solver, CPLEX 12.10, on
an 8-core Intel i7 laptop, the model could be solved to global
optimality (i.e., relative and absolute gap tolerances set to
zero) in approximately 33 s. The solution attains a globally
optimal normalized cohesive energy of 0.707 and is depicted in
Figure 8a.

We note that the size of the model depends on the size of
the canvas (code line 6). More specifically, if we use four shells
of FCC lattice locations around the origin (309 sites) instead
of three shells (147 sites), we will obtain a model with 11 322
variables and 17 583 constraints. The model will grow to
20 790 variables and 32 631 constraints when using 5 shells
(561 sites) and to 34 476 variables and 54 503 constraints,
when using 6 shells (923 sites). Whereas a larger canvas
increases our confidence that the optimality of the solution has
not been affected by boundary effects, it also makes it more
difficult to solve the optimization model. In particular, our
testing laptop device could not solve the model to global
optimality when using five- or six-shell canvases, yielding
relative optimality gaps of 18.18% and 26.90%, respectively, at
the 1 h time limit. We should highlight, however, that
increasing the canvas size in this case would not be justified, as
it would have no impact on the ability of the tool to identify
the optimal solution.
If the optimization solver is successful, a Design object is

returned that can be written to standard material file formats.
Here, we create a Protein Data Bank (PDB) file,47 noting that
additional parsers are also implemented and can be used as
necessary.
While the sample code presented above is intentionally terse,

there are many ways to modify the script to collect and analyze

Figure 8. Example optimally cohesive monometallic nanoclusters.
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a variety of results. The most obvious extension is to place the
model generation and solution in a Python loop to generate
designs across a range of sizes N. In Figure 8, we present a few
example results from solving the above simple model within
such a loop. Here, we should remark that, although the
parameter N may impact the solution times from imposing
various inherent combinatorial complexities, it does not
directly impact the size of the model, and since we used
same size canvases in all those examples, the computational
times required to solve them were all in the same order of
magnitude (around 100 s).
The code can be further tailored by changing the

contributions to cohesive energy with specially regressed
coefficients to better represent a metal of interest, as presented
in the work of Isenberg et al.28

Before we conclude this case study, we note that, in addition
to the basic mathematical optimization model presented above,
the original work of Isenberg et al.28 made several customized
problem-specific modifications to improve the optimization
model’s tractability and the interpretability of its solution. One
major such modification was the introduction of a set of
symmetry-breaking constraints to eliminate certain equivalent
feasible solutions (i.e., nanostructures symmetric to others via
rotation and reflection) while making sure that at least one
representative nanostructure remained feasible. We note that
symmetry-breaking constraints are typically problem-specific,
depending strongly on the applicable lattice topology. As a
general-purpose set of symmetry breaking constraints is hard
to devise, MatOpt does not automatically apply such
constraints. Here, it should be emphasized that the lack of
symmetry-breaking constraints will not affect the optimality of
the obtained solutions, rather the solutions obtained by
MatOpt will indeed be optimal albeit in an arbitrary
orientation. In any case, a user could in principle define
additional descriptors and rules to formulate symmetry-
breaking constraints on an ad-hoc basis. However, it is always
advisable that such action be empirically investigated on a case-
by-case basis, as declaring symmetry-breaking constraints may
not necessarily result in the most efficient MILP model
formulation and thus may not help with overall tractability.
Perovskite Dopant Design. Hanselman et al.27 proposed

a mathematical optimization based framework for designing
doped perovskites. Their study identified the optimal atomic-
scale patterns of In dopants at the B-sites in BaFe1−xInxO3−δ
perovskites that achieve the highest oxygen diffusivity, an
important property for such perovskites to be used as oxygen
carriers in a chemical looping system. The optimization model
proposed in the aforementioned study identified oxygen excess
energy as the target functionality of interest, decomposing it
into contributions from conformations associated with each
oxygen atom in the lattice. More specifically, the paper
investigated oxygen atom conformations that consisted of 10
nearest B-sites and represented all possible ways of placing
between zero to five dopants around a particular oxygen atom.
The set of 74 rotationally unique conformations, so-called
“motifs,” was then identified and their oxygen excess energies
were evaluated via DFT calculations. The 74 evaluations
formed a structure−function relationship that was then
encoded into an MILP model that attempted to maximize

the number of oxygen sites exhibiting lowest excess energies.
We highlight how this conformation based encoding is another
way of expressing nonlinear structure−function relationships
via linear constraints that utilize binary variables.
The above approach and model can be readily reproduced

using MatOpt. The full implementation is provided in Section
B of the Supporting Information, while below we highlight
only some key aspects. To implement this optimization model
using MatOpt, we first construct a PerovskiteLattice
object to hold perovskite-specific lattice site information. We
confine our optimization to a periodic supercell using a
Shape object, which defines the geometry and size of the
supercell, in conjunction with a Tiling object to handle
boundary neighbor relationships. In particular, we create a
rectangular prism-shaped supercell Canvas with periodicity
in all three dimensions using RectPrism and CubicTil-
ing objects, which constitute available specializations of the
Shape and Tiling classes, respectively. Here, we note a
small trick to shift the shape slightly to avoid duplication of
sites on the border of the periodic cell, which is necessary to do
for proper visualization of the canvas. We highlight that such
shift has no impact on solution optimality and is in fact not
necessary for the correctness of the canvas itself. The
visualization of this perovskite canvas can be found in Figure
9a. Next, we load motifs from standard material file formats,

noting that parsers for several common formats such as PDB,
POSCAR, and XYZ are available. We then initialize a
MatOptModel object from the defined conformations and
sites. Note how MatOpt will automatically encode basic
variables and constraints to indicate those conformations (eqs
22−25). To specify additional constraints in the model, we
create several descriptors for the activity, local dopant
concentration, and the global dopant concentration. We
specify these descriptors over different subsets of sites and
atom types. For example, the activity descriptor is defined over
the oxygen sites only, while the dopant budgets are expressed
only over B-sites. Note the use of the addSitesTypesDe-
scriptor and addGlobalTypesDescriptor meth-
ods, as appropriate.
In this case study, we shall specify our objective as the

maximization of the number of sites displaying conformations
with the lowest three oxygen excess energies among all possible
conformations. We note, however, that additional objectives
stated in the original work can also be modeled and solved via
MatOpt by simply changing parameters of the activity
descriptor. We specifically consider a unit cell with four
atoms on the edge, which corresponds to the size chosen by

Figure 9. (a) Doped perovskite design canvas and (b) optimal design
that maximizes the number of sites displaying one of the three motifs
with lowest oxygen excess energy.
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Hanselman et al.27 who carefully investigated the trade-off
between solution optimality and model tractability in this
setting. The MatOpt-generated model consists of 6723
variables (195 continuous, 6528 binary) and 16 259 con-
straints (16 000 inequalities, 259 equalities) and can be solved
to global optimality (using similar zero gap tolerances and
machine as before) in approximately 33 min. The global
optimal solution is shown in Figure 9b. It features an objective
value of 0.5 and perfectly reproduces the original result from
Hanselman et al.27

Before we conclude, we highlight that the code provided in
the Supporting Information constitutes an example MatOpt
implementation for conformation based optimization models.
Starting from this code as the basis, a user may adapt the
definition of motifs and the way in which properties of interest
are calculated from first-principles, and then rely on MatOpt to
automatically instantiate and solve the rigorous mathematical
optimization model that searches for the best combinations of
motifs in the design space.
Bifunctional Catalyst Design. To further demonstrate

the capabilities of theMatOpt toolkit, we present here a surface
design problem inspired by the recent work of Nuñ́ez and
Vlachos.44 In that work, the authors presented a machine-
learned model for predicting surface reactivity of ammonia
decomposition on a patchy Ni−Pt bifunctional catalyst and
then designed a surface by applying a simulated annealing
optimization algorithm. While their approach is tailored to
make accurate predictions of reactivity, the use of simulated
annealing lacks guarantees of producing the globally optimal
design. In this example, we present a complementary MILP
based approach that can identify provably optimal structures
for a simplified version of the relevant chemistry.
This design problem calls for identifying the optimal

patterning of a single layer of Ni atoms on top of a Pt{111}
surface. The placement of Ni atoms creates facet and edge sites
that contribute to the turnover of the ammonia decomposition
reaction. As a first order approximation of the microkinetic
model presented in the work of Nuñ́ez and Vlachos,44 we shall
simply assume that the slab reactivity is proportional to the
sum of pairs of edge sites immediately next to a facet site. This
simplified viewpoint neglects contributions to reactivity from
adsorbates that take a longer path diffusing across the catalyst
surface between sites further away than nearest neighbors.
However, we remark that more complicated contributions
could be conceptually represented (and encoded in MatOpt)
via additional variables, constraints, and parameters for the
turnover on the catalyst surface.
The full MatOpt implementation of this design problem can

be found in section C of the Supporting Information. To
design a periodic surface, we create a Parallelepiped
shaped canvas with periodicity defined by PlanarTiling.
We again follow a conformation based modeling strategy to
encode nonlinear structure−function relationships and utilize
MatOpt’s capabilities to indicate identified conformations

automatically. For reference, we plot in Figure 10 the seven
relevant conformations, including an FCC{111} facet site and
six orientations of edge sites.
As a simplified model of catalyst turnover, we consider here

that the combination of a facet site next to an edge site gives
rise to an “ideal” reactive step site. To represent this in our
optimization model, we define additional material descriptors
to indicate the conjunction of a conformation of type “A” (i.e.,
a facet site) next to conformation of type “B” (i.e., an edge
site). We then fix the possible chemical identity of the various
layers of the design. Additionally, we can improve the
tractability of the model by arbitrarily placing one
conformation on the surface, breaking symmetry and
simplifying the design space.
Furthermore, we model the surface energy of the resulting

patterns with the goal of mapping the Pareto-optimal frontier
of activity against stability in this design space. To obtain the
surface energy, we first employ the formation energy model
proposed for this system in Nuñ́ez et al.23 In this model, each
atom contributes to lowering the formation energy in a manner
that is proportional to the square root of its coordination
number; that is, lower coordinated atoms contribute to a
higher formation energy. More specifically, eq 38 presents the
descriptor for the formation energy of the slab (normalized by
the cohesive energy of the metal), Êform, as a function of
coordination numbers Ci at each site i. The surface energy is
then approximated in eq 39 by dividing the formation energy
with the surface area, where as a proxy for the latter we use the
square of the number of atoms on the edge of the canvas, Nedge.
Note here that, since we are using a fixed size periodic canvas
during each run, we will identify the same optimal results when
using surface energy or formation energy as the stability
indicator. After some experimentation using differently sized
periodic tiles, in order to explore the impact of periodicity
limitations on the obtained designs as well as the tractability of
the resulting models, we chose to work with tiles of size 8 × 8
atoms, which were found to be a good compromise inasmuch
as they were generally tractable and did not show solution
differences compared to using 9 × 9 atom tiles.
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Note how the values of the per-atom contributions to the
surface energy have been normalized so that they all lie
between 0 and 1, with a value of 0 corresponding to bulk
atoms that do not contribute to the surface energy and a value
of 1 corresponding at the limit to the hypothetical contribution
of an isolated atom that would have increased the surface
energy the most. In calculating surface energy via the above
method, we exclude sites in the bottom two layers of the
canvas, which are fixed to be fully occupied with Pt atoms.

Figure 10. Material conformations relevant for the bifunctional catalyst example. The gray circles represent an extended {111} layer of Pt atoms
while the blue circles represent the (patchy) overlayer of Ni atoms. Dashed circles represent missing Ni atoms, resulting in reactive step sites next to
the central Ni atom.
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To build a Pareto frontier of activity against stability of such
nanostructured surfaces, we perform a loop to solve the model
for a range of thresholds on the surface activity (i.e., lower
bound on the number of active sites). The resulting frontier is
presented in Figure 11. We note that each frontier point

represents the optimal solution of a separateMatOpt-generated
optimization model, each featuring 10 240 variables (1667
continuous, 8189 binary, 384 integer) and 38 659 constraints
(37 376 inequalities and 1283 equalities). On average, these
models took approximately 410 s to solve to global optimality
(zero gap tolerance) using the same computational setup as the
previous case studies.
A few representative Pareto-optimal solutions identified are

plotted in Figure 12. We observe that nanostructuring frequent
grooves on the Ni layer yields a larger density of edge sites and,
hence, increases activity. However, it has a negative effect on
overall stability, which is promoted when there are fewer
grooves. A middle ground can be found when atoms are placed
intermittently as bridges that disrupt the grooves, creating a
stabilizing effect without significant reduction in activity.
Finally, it is worth noting that the maximally active design
was equivalent to the design proposed by Nu ́ñez and
Vlachos,44 suggesting that, at least to a first approximation,
their identified design was in fact optimally active.

■ CONCLUSIONS
In this paper, we presented a general-purpose approach for
designing nanostructured materials. For this, we compiled a set
of shared features of nanomaterial design problems and then
developed modular variables and constraints to represent the

basic features of their respective optimization models. To
enable wider adoption of this materials design paradigm, we
have created MatOpt, a Python module that offers object-
oriented classes for specifying materials information and for
casting mathematical optimization models for their nano-
structured design. This paper introduced this software and
demonstrated its usage via three examples. A detailed example
of the module applied to a nanocluster cohesive energy
minimization problem illustrated the basic syntax and logic for
creating models. The perovskite dopant optimization model
illustrated how to handle periodicity and utilize data from DFT
calculations in the context of this optimization task. Finally, the
implementation of a bifunctional catalyst surface design model
illustrated more complex features and demonstrated the facile
generation of Pareto-optimal results. MatOpt is distributed as
part of the IDAES software distribution, and we hope that it
shall enable a rigorous mathematical optimization paradigm in
the domain of nanostructured materials design.

■ DATA AND SOFTWARE AVAILABILITY
The software MatOpt is freely available at https://github.com/
IDAES/idaes-pse/tree/main/idaes/apps/matopt. All data re-
quired to run the case studies presented in this paper is
included within the code provided in sections B and C of the
Supporting Information.

■ ASSOCIATED CONTENT
*sı Supporting Information
The Supporting Information is available free of charge at
https://pubs.acs.org/doi/10.1021/acs.jcim.1c00984.

Additional information about some of MatOpt’s key
modeling objects as well as code listings for the
perovskite design problem and the bifunctional catalyst
design problem (PDF)
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